Quantum and Classical divide: the gravitational case 
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We study the transition between quantum and classical behaviour of particles in a gravitational 
quantum well. We analyze how an increase in the particles mass turns the energy spectrum into a 
continuous one, from an experimental point of view. We also discuss the way these effects could be 
tested by conducting experiments with atoms and fullerene-type molecules. 
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I. INTRODUCTION 

The understanding of the conditions of the transition 
between the quantum and the classical descriptions is a 
central question in Quantum Mechanics. The issue has 
repeatedly been discussed since Schrodinger's cat first 
appeared in the literature [lj. More recently, this some- 
what conceptual and philosophical discussion has become 
a quite concrete experimental problem given the substan- 
tive progress one has witnessed on the question of loss of 
quantum coherence, usually referred to as decoherence 
|2| and the interference experiments with macromolecules 
[3 0,0- These experiments have, in particular, exam- 
ined the conditions under which the quantum coherence 
is lost for highly complex systems. It is believed that 
determining the drawing line between quantum and clas- 
sical behaviour may bring new insights into the nature 
of macroscopic objects which exhibit quantum proper- 
ties |6|, and may allow spelling out the conditions under 
which, for instance, quantum computers may be physi- 
cally built. 

In this work, we study the transition between the quan- 
tum and classical regimes in a Gravitational Quantum 
Well (GQW). In such a system, particles exhibit a dis- 
crete energy spectrum and present a non- vanishing prob- 
ability of tunneling into classically forbidden regions. We 
analyze how an increase in the particles mass may de- 
stroy these quantum properties, so that the system will, 
at least from an experimental point of view, behave as its 
classical analogue. Thus, we propose a generalization of 
the experiment performed by Nesvizhevsky et al. 0, 
with neutrons to more massive particles, such as atoms 
and fullerene-type molecules. 

This new criteria is based on the assumption that the 
dependence of separation between quantum states is a 
reliable criteria for establishing the quantum to classical 
divide, at least within the achievable experimental resolu- 
tion. In this work we consider atoms and fullerene-type 
molecules. We shall restrict ourselves to the GQW in 



Quantum Mechanics. An extension of this system to, for 
instance, a noncommutative phase space has been stud- 
ied in Refs. [3, llOj . The Equivalence Principle in the 
context of the GQW has been discussed in Ref. . 



II. THE GRAVITATIONAL QUANTUM WELL 

Consider a particle of mass M moving on the xy plane 
in a uniform gravitational field g = — ge x . When a hori- 
zontal mirror is placed at x = 0, a gravitational quantum 
well is set up. In the direction transverse to the gravita- 
tional field, y, the particle is free, exhibiting a continuous 
energy spectrum. In the direction of the gravitational 
field, x, the particle exhibits a discrete energy spectrum. 
In the n-th quantum level, the particle's wave function is 
given by the Airy function <j)($n), where = [x— x n )/xa 
and Xo = (ti 2 /2M 2 g) 1 / 3 12]. The energy eigenvalues are 
given by: 



E n — — 
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where a n represents the n-th zero of the Airy function. 
The value of x n = E n /Mg = —xoct n corresponds to the 
maximum height which is classically allowed for a particle 
with energy E n . 

The probability of finding the particle is non- vanishing 
for all values of x > 0. However, as soon as x exceeds the 
value of x n for each quantum state n, this probability 
decays exponentially. Nevertheless, the particle has a 
finite probability of penetrating a classically forbidden 
region through quantum tunneling. 

This idea has been used to study the spectrum of neu- 
trons in the quantum well of the Earth's gravitational 
field and a horizontal mirror [?j,|8j. An ultra cold neutron 
beam is considered, with a mean velocity v — 6.5 ms _1 , 
traveling through a narrow slit formed by the mirror and 
a scatterer/absorber placed above it. Then, the neu- 
tron flux through the apparatus is measured as a func- 
tion of the slit height, x. For x > x n , neutrons in the 
n-th quantum state have a small probability of cross- 
ing the gravitational barrier and tunnel into the scat- 
terer/absorber. This probability is approximately given 
by exp(— 4/3£n^ 2 ) and quickly vanishes as the slit height 
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increases. Hence, for x > x n , neutrons pass through the 
slit with little loss. For x < x n , however, neutrons have a 
0(1) probability of being absorbed by the scatterer and 
so the slit is not transparent to neutrons. The flux of 
neutrons through the slit is, thus, given by: 



F(x) =F J2Pnt 



,Cn<0 



(2) 



where Fq is a normalization factor, depending on the 
incident flux, f3 n is the relative population of the n-th 
quantum level, L is the length of the slit and uj n = 
(E n+ i — E n )/h 8]. From Eq. J2J), one can conclude 
that, for x 3> x n , the flux of particles in the n-th state 
approaches its maximum value Fq, while for x <C x n , this 
flux tends to zero. Hence, the classical turning points x n 
separate two regions where the neutron flux exhibits two 
distinct types of behaviour for each state n. By consider- 
ing a model of this type and adjusting the experimentally 
measured flux to the predicted flux given by Eq. J2J , the 
values of the two lowest classical turning points were ob- 
tained , which are in good agreement with the quantum 
mechanical predictions, X\ — 13.7 \ra\ and x 2 = 24.0 fiin. 



III. THE CLASSICAL LIMIT 

The GQW is a convenient system for testing whether 
a system behaves as a quantum or a classical system, 
as its energy spectrum depends on the mass of the par- 
ticles involved. In the following, we shall analyze the 
consequences of increasing this mass and consider its ex- 
perimental implications. 

We point out that, for all particles, the energy spec- 
trum approaches a classical continuous spectrum for high 
energy values. This can be seen by analyzing the asymp- 



totic form of the zeros of the Airy function 



g trie 
13]: 



T -7r(4n- 1) 



where T{t) ps i 2/3 for t > 1. Hence, for n > 1, 



2 /3 



Aa n = \a n+1 - a n \ ~ 1 1 |vr ) n 1/3 
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(3) 
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Thus, both AE n = E n+ i — E n and, consequently, A n = 
x n+ i — x n , tend to zero asn-> oo. Also, Aa n is strictly 
decreasing with n, and so the largest separation between 
consecutive heights x n occurs for the first two quantum 
states. 

Let us now analyze the effects of increasing the parti- 
cle's mass. Observing Eq. QJ, one can conclude that all 
the energy eigenvalues are proportional to M 1 / 3 and the 
same occurs for the separation between consecutive en- 
ergy eigenvalues. This is somewhat unexpected, as one 
assumes that this separation decreases with increasing 



mass. However, one should notice that the experimen- 
tally relevant quantities are the heights x n . One can 
easily conclude that these heights, as well as the sepa- 
ration A„, are proportional to M -2 / 3 . Thus, for more 
massive particles, it will become harder to distinguish 
consecutive levels. If two of these cannot be separated 
experimentally, one has no means of distinguishing the 
quantum states and the spectrum appears classical. 

As the largest separation between values of x n occurs 
for the two lowest quantum states, then if the particle's 
mass is large enough so that the experimental error is 
larger than Ai, there will be no way of separating any 
two consecutive classical turning points. In this case, 
the flux of particles through the slit will exhibit a clas- 
sical behaviour, increasing as x 3 ^ 2 0- Hence, classical 
or quantum behaviour depend on the mass of the parti- 
cles under study and on the experimental resolution. We 
quantify this in the following way: if there is a minimum 
uncertainty, e, for measuring the slit height, x, then one 
can distinguish at least two consecutive quantum states 
if the mass of the particles does not exceed: 



M„ 




(5) 



For instance, with the error of e = 2.5 jim for n = 1 
in , one could distinguish the first two quantum states 
for particles with a mass M < 8mjv, where = 1.67 x 
10 -27 kg denotes the mean mass of a nucleon. 

Equivalently, in order to distinguish at least two quan- 
tum states of a particle with mass M — Am^, one must 
have a maximum experimental error given by: 

e max = ^Aa^- 2 / 3 ~ 10.3A- 2 / 3 M m . (6) 

Furthermore, it has to be taken into account the fact 
that the Uncertainty Principle places limits on the ex- 
perimental resolution for particles with finite lifetimes. 
Measuring x n , an uncertainty Ax n is equivalent to an 
uncertainty AE n = MgAx n l . Hence, in order to have 
enough spatial resolution to separate the first two quan- 
tum states of a particle with mass M — Am^, its mean 
lifetime must be greater than: 



At„ 



2h V^A- 1 / 3 



Aai 



m N g< 



6.3 x IQ-^A- 1 ' 3 s . (7) 



For the Nesvizhevsky et al. set up, the minimum lifetime 
is 0.63 ms, which is 6 orders of magnitude smaller than 
the neutron's mean lifetime of 885.7 s 0|. The Uncer- 
tainty Principle allows a precision up to 10~ 5 /im and, 
thus, the experiment can be further improved. 



1 This follows from the variational computation: SE n = <5(< 
n\H\n >) =< n\8H\n >=< n\MgSx\n >= Mg < n\8x\n > = 
Mg5x n . 
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Another consequence of increasing the mass of the par- 
ticles in the GQW is the decrease in the probability of 
tunneling through the gravitational barrier. As already 
referred to, in state n this probability is approximately 
given by exp(— 4/3y / 2g/h 2 (x ~ x n )M). This rapid de- 
crease is expected, as in the classical limit particles with 
energy E n cannot be found at a height larger than x n . 
Of course the frequency u> n , which can be viewed as the 
frequency of the collisions between the particles and the 
gravitational barrier Q , increases as M 1 / 3 . but this does 
not compensate the decrease of the tunneling probability. 
Thus, more massive particles exhibit a sharper transition 
between zero and maximum flux, tending to a discontin- 
uous transition in the classical limit M — > +00. This 
makes it harder to observe distinct quantum states. 



IV. FINITE SIZE EFFECTS: ATOMS AND 
FULLERENE MOLECULES 

So far, we have only dealt with point particles, neglect- 
ing the effects of their size. For neutrons, the average 
radius of ~ 1 fm is about 10 orders of magnitude smaller 
than the correspondent value of x\ and so the former may 
be neglected. However, as the particles mass increases, 
their size has to be taken into account. 

Let us then analyze how size affects the GQW energy 
spectrum. Before that we point out that although the 
GQW problem has only been solved for point-like par- 
ticles, some of the consequences of the particles finite 
size may still be inferred from a qualitative analysis of 
the problem. For that, let us suppose that the effects of 
gravity on all the elementary particles which constitute 
a massive system are much smaller than the effects of 
the forces which bound them. With this hypothesis, one 
can focus on the movement of the massive particle's cen- 
ter of mass (CM), which follows the same rules as in the 
point particle approximation. The most important dif- 
ference between these two descriptions is that the wave 
function of a composed particle exhibits an additional 
dispersion around the position of its CM. This disper- 
sion is quantified by the particle's mean radius, R. Thus, 
in a GQW experiment, when the slit height becomes of 
order x n +R, the scatterer/absorber gets close enough to 
the wave function of a particle in the n-th state so that 
the latter can be absorbed at x n + R, the CM position. 
Hence, the transition between the regions of maximum 
and minimum flux occurs in the neighborhood of x n + R 
and not of the point particle approximation. 

When R > x n , this must be taken into account. 

Another consequence of the finite radius is that mas- 
sive particles will tend to leave the lowest quantum states 
less populated. The horizontal mirror implies the wave 
function of each of the elementary particles that con- 
stitute the composed one vanishes at the origin. This 
means that the whole composed particle must be above 
the horizontal mirror. Hence, the particle's CM must be 
at a height larger than its average radius R. If R > x n , 



particles in the n-th level are only allowed to be in the 
classically forbidden region, where they have a very low 
probability of being found. Thus, the great majority of 
particles will be found in quantum states n+1 and higher. 
The more massive the particle the more likely it will lie 
at higher quantum states. This solves an apparent para- 
dox of our earlier discussion, namely that the growth in 
the particle mass implies an increase in the separation 
between its energy levels. However, as its radius also in- 
creases, the particle will more probably be found in the 
higher quantum levels, where AE n — ► 0. 

One must also bear in mind that, as the whole particle 
must lay above the horizontal mirror, there is a minimum 
value of the slit height, corresponding to the average di- 
ameter of the particle, that can be experimentally tested, 
as for smaller values the particles cannot fit in the narrow 
space between the mirror and the scatterer/absorber. For 
2R of order x n + R, one is no longer able to observe the 
transition between zero and maximum flux. This occurs 
when R ~ x n , so that one stops being able to measure 
the n-th quantum state at the same time the particle 
stops being able to be found on it. Hence, one is not 
able to test experimentally whether particles of radius 
R ~ x n are not really in the n-th quantum state, unless 
one may extrapolate the population of this level from the 
population of the higher levels. 

We consider now the properties of the particles that 
may be used to test the quantum to classical transition 
in the GQW. There are some features these particles 
must possess: (i) They must be electrically neutral so 
that neither electromagnetic effects overlap the gravita- 
tional ones nor the decoherence of the particle beam is 
induced. A highly symmetric spatial distribution of elec- 
trons prevents polarization effects. Having vanishing to- 
tal spin avoids the coupling to external magnetic fields 2 ; 
(ii) They must have long lifetimes, so to satisfy Eq. 10. 
Thus, radioactive particles are not appropriate; (iii) The 
horizontal velocity of the beam must be small in order 
to maximize the time the particles remain on the GQW 
states. 

With these requirements, atoms are, after neutrons, 
the natural choice in the mass hierarchy. According to (i) 
and (ii), they must not be in ionized states and must be 
stable isotopes with valence electrons in s-type orbitals, 
which have zero orbital angular momentum. The main 
contribution to an atom's mass comes from its nucleons, 
so M — AniN and from Eqs. © and J7J one computes 
tmax and Ar m i„. The former has been plotted in Figure 
1 for A < 88 (lanthanides and actinides are excluded). 
From these, one concludes that the maximum allowed 
error lies in the interval 0.1 — 10 /im. The minimum 
lifetime can be shown to lie in the interval 0.1 — 0.63 ms. 



2 Although the interaction of particles with the mirror can pose 
some problems. 
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FIG. 1: Maximum error for atoms and fullerene molecules. 

The atomic radius can be estimated using the average 
value of the radial coordinate for a hydrogen type atom 
[Tlj . replacing the atomic number, by an effective one, 
Z e f f , which takes into account the shielding effects of the 
inner electrons according to the Slater rules ^| : 

i?c(r)=-|^[3n 2 -;(/ + !)], (8) 

where ao — 5.29 x 10 -11 m is the Bohr radius and (n, I) 
denote the atom's valence orbital quantum numbers. In 
Figure 2 the values of the ratio R/Ai for atoms with 
A < 88 are plotted, and one can see that they lie in the 
interval 1CT 5 - 1(T 3 . 



than atoms and the higher number of correlated parti- 
cles enhances the probability of decoherence of the beam 
through interactions with the external environment. Fur- 
thermore, they have a large number of internal degrees 
of freedom (rotational and vibrational) and can radiate, 
thus interacting with the external environment. Never- 
theless, they are more appropriate than most massive 
molecules for the GQW study. 

For pure | 2 C fullerenes, A = 127Vc, where Nc is the 
number of Carbon atoms. The values of e m ax and Ar m i„ 
for fullerenes up to 3840 Carbon atoms (see numerical 
simulations in Ref. [I])) were computed using Eqs. © 
and 0. The values of e max are plotted in Figure 1. 
One finds that in order to distinguish at least the first 
two quantum states of these molecules in a GQW the 
maximum error must lie in the interval 0.01 — 0.1 /im, 
corresponding to a minimum lifetime of 0.02 to 0.10 ms. 

If one assumes a fullerene to be modeled by a sphere of 
radius R, than the area of the sphere must proportional 
to the number of Carbon atoms 0, R = ky/W^, where 
the constant k ~ 4.38 x 10~ n m is determined using 
values of ^j- The ratio R/Ai for fullerenes is plotted 
in Figure 2 and lies in the interval 10~ 3 — 10 _1 . Thus, 
one sees that the finite size effects cannot be neglected 
for the largest fullerenes. One can estimate the value of 
Nc for which R becomes of the order of x±, concluding 
that molecules with more than ^ 12 470 carbon atoms 
will have a very small probability of being in the low- 
est quantum state of the GQW. Hence, the considered 
fullerenes (Nc < 3840) can be found in the first quan- 
tum level. 




Atoms 
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FIG. 2: Ratio R/Ai for atoms and fullerene molecules. 

Advancing in the mass hierarchy, we find molecules. 
There is a broad variety of molecules, but few satisfy our 
criteria. Among these, fullerenes or buckyballs, i.e. large 
groups of g 2 C, arise as the best candidates for our GQW 
criteria. These molecules are highly symmetric (C^o has 
spherical symmetry) and a re g lobally neutral, although 
with a slight polarization |17| . They are much bigger 



V. CONCLUSIONS 

In this paper we have studied the consequences of the 
increase in the particles mass and size on the energy spec- 
trum of the GQW. We have found that it leads to a de- 
crease in the separation of consecutive classical turning 
points. Hence, the more massive the particles, the big- 
ger the precision required to distinguish the lowest two 
quantum states. The precision already achieved allows 
studying particles up to A ~ 8. For heavier atoms, it is 
necessary to increase the precision of position measure- 
ments at least by a factor of 10. For fullerenes up to 
Ceo, this increase in precision may be sufficient, but for 
larger molecules such as C3840 an improvement of at least 
a factor of 1000 is required 

Of course, performing this kind of experiment with siz- 
able particles may bring many experimental challenges. 
Besides the discussed precision, one requires strong isola- 
tion from external agents such as electromagnetic fields, 
although this may not be sufficient due to the presence 
of the mirror, and precautions to avoid collisions so not 
to decohere of the particle beam. Ultra cold beams of 
particles are also needed in order to maximize the time 
the particles are captured in the GQW. 

Despite these difficulties, performing this kind of ex- 
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periment might be of great importance for testing the 
limits of applicability of the Quantum Mechanics. In the 
suggested set up, the transition to a classical regime is 
made independently of the phenomenon of decoherence, 
depending only on the mass of the particles in the GQW 
and on the experimental resolution. Observing quantum 
states of massive particles in a GQW may turn out to be 



an important complement to quantum interference ex- 
periments with complex molecules [IQ 
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